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Continuity of the fractional Hankel wavelet transform on the
spaces of type S
Kanailal Mahato
Abstract. In this article we study the fractional Hankel transform and its
inverse on certain Gel’fand-Shilov spaces of type S. The continuous fractional
wavelet transform is defined involving the fractional Hankel transform. The
continuity of fractional Hankel wavelet transform is discussed on Gel’fand-
Shilov spaces of type S. This article goes further to discuss the continuity
property of fractional Hankel transform and fractional Hankel wavelet trans-
form on the ultradifferentiable function spaces.
1. Introduction
In the recent years, the continuous wavelet transform has been successfully
applied in the field of signal processing, image encryption. The continuous wavelet
transform of a function f associated with the wavelet ψ is defined by
(Wψf)(b, a) =
∫ ∞
−∞
f(t)ψb,a(t)
dt
a
,
where ψb,a(t) = ψ
(
t−b
a
)
, provided the integral exists, where a ∈ R+ and b ∈ R. If
f, ψ ∈ L2(R), then exploiting the Parseval relation for Fourier transform, the above
expression can be viewed as (see [1,2]):
(Wψf)(b, a) =
1
2pi
∫ ∞
−∞
eibω fˆ(ω)ψˆ(aω)dω,
where fˆ and ψˆ denotes the Fourier transform of f and ψ respectively. The Gel’fand-
Shilov spaces were introduced in [5] and studied the characterization of Fourier
transform on the aforesaid spaces. Pathak [18]and Holschneider [8] studied the
wavelet transform involving Fourier transform, on Schwartz space S(R). Zema-
nian [25], Lee [11] and Pathak [19] described the basic properties of classical
Hankel transform on the certain Gel’fand-Shilov spaces of type S. In the theory
of partial differential equations, mathematical analysis the spaces of type S play an
important role as an intermediate spaces between those of C∞ and of the analytic
functions. The main purpose this article is to study the fractional Hankel transform
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and continuous wavelet transform associated with fractional Hankel transform on
Gel’fand-Shilov spaces of type S.
The fractional Hankel transform (FrHT), which is a generalization of the usual
Hankel transform and depends on a parameter θ, has been the focus of many
researcher as it has a wide range of applications in the field of seismology, optics,
signal processing, solving problems involving cylindrical boundaries. The fractional
Hankel transform Hθν,µ of a function f of order ν ≥ −
1
2 depends on an arbitrary
real parameter µ and θ(0 < θ < pi), is defined by (see [9,16,17,23]):
(Hθν,µf)(ω) = f˜
θ(ω) =
∫ ∞
0
Kθ(t, ω)f(t)dt,(1.1)
where,
Kθ(t, ω) =


Cν,µ,θe
i
2 (t
2+ω2) cot θ(tωcscθ)−µJν(tω csc θ)t
1+2µ, θ 6= npi
(tω)−µJν(tω)t
1+2µ, θ = pi2
δ(t− ω), θ = npi, n ∈ Z
(1.2)
where Cν,µ,θ =
ei(1+ν)(θ−
pi
2
)
(sin θ)1+µ .
The inverse of (1.1) given as follows:
f(t) = ((H−θν,µ)f˜
θ)(t) =
∫ ∞
0
K−θ(ω, t)f˜θ(ω)dω,(1.3)
where K−θ(ω, t) is same as Kθ(ω, t).
Let the space Lpν,µ(I) contains of all those measurable functions f on I = (0,∞)
such that the integral
∫ ∞
0
|f(t)|ptµ+ν+1dt exist and is finite. Also let L∞(I) be
the collection of almost everywhere bounded integrable functions. Hence endowed
with the norm
||f ||Lpν,µ =


(∫ ∞
0
|f(t)|ptµ+ν+1dt
) 1
p
, 1 ≤ p <∞, µ, ν ∈ R
ess sup
t∈I
|f(t)|, p =∞.
(1.4)
Parseval’s relation: It is easy to see that for the operator Hθν,µ, under certain
conditions, ∫ ∞
0
f(t)g(t)t1+2µdt =
∫ ∞
0
f˜θ(ω)g˜θ(ω)ω1+2µdω.
To define the fractional Hankel translation [6,12,16,17] τθt of a function ψ ∈
L1ν,µ(I), we need to introduce D
θ
ν,µ, which is defined by:
Dθν,µ(t, ω, z) = Cν,µ,−θ
∫ ∞
0
(zs csc θ)
−µ
Jν(zs csc θ)e
− i2 (z
2+t2+ω2) cot θ(1.5)
×(ts csc θ)
−µ
Jν(ts csc θ)(ωs csc θ)
−µ
Jν(ωs csc θ)
×s1+3µ−νds,
provided the integral exist.
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The fractional Hankel translation [7] τθt of ψ is given by
(τθt ψ)(ω) = ψ
θ(t, ω)
= Cν,µ,θ
∫ ∞
0
ψ(z)Dθν,µ(t, ω, z)e
i
2 z
2 cot θzµ+ν+1dz.(1.6)
Wavelets are considered to be the set of elements constructed from translation
and dilation of a single function ψ ∈ L2(R) [1,2,18]. In the similar way [20,24]
introduced the Bessel wavelet and the fractional Bessel wavelet by [12,15,17,20]
as ψb,a,θ, which is defined as below:
ψb,a,θ(t) = Da(τ
θ
b ψ)(t) = Daψ
θ(b, t) = a−2µ−2e
i
2 (
1
a2
−1)t2 cot θe
i
2 (
1
a2
+1)b2 cot θ
×ψθ(b/a, t/a), b ≥ 0, a > 0,(1.7)
where Da represents the dilation of a function.
As per [1,2,8,12,17,20], the fractional wavelet transform W θψ of f ∈ L
2
ν,µ(I)
associated with the wavelet ψ ∈ L2ν,µ(I) defined by means of the integral transform
(W θψf)(b, a) =
∫ ∞
0
f(t)ψb,a,θ(t)t
1+2µdt.(1.8)
Now exploiting Parseval’s relation and following [12,17,20], the above expression
can be rewritten as
(W θψf)(b, a) =
1
Cν,µ,−θ
∫ ∞
0
K−θ(ω, b)(aω)µ−νe
i
2a
2ω2 cot θ f˜θ(ω)
×Hθν,µ(z
ν−µe−
i
2 z
2 cot θψ(z))(aω)dω
=
1
Cν,µ,−θ
H−θν,µ
[
(aω)µ−νe−
i
2a
2ω2 cot θf˜θ(ω)
×Hθν,µ(z
ν−µe−
i
2 z
2 cot θψ(z))(aω)
]
(b).(1.9)
According to [11,19], we now introduce the certain Gel’fand-Shilov spaces of type
S on which the fractional Hankel transform (1.1) and the fractional Hankel wavlet
transform (1.9) can be studied. Let us recall the definitions of these spaces.
Definition 1.1. The space H1,α,A(I) consists of infinitely differentiable func-
tions f on I = (0,∞) satisfying the inequality∣∣∣xk(x−1Dx)qe± i2x2 cot θxµ−νf(x)
∣∣∣ ≤ Cν,µq (A+ δ)kkkα, ∀k, q ∈ N0,(1.10)
where the constants A and Cν,µq depends on f and α, δ ≥ 0 are arbitrary constants
and the norms are given by
||f ||ν,µ,θq = sup
0<x<∞
∣∣∣xk(x−1Dx)qe± i2x2 cot θxµ−νf(x)
∣∣∣
(A+ δ)
k
kkα
<∞.(1.11)
Definition 1.2. The function f ∈ H2,β,B(I) iff∣∣∣xk(x−1Dx)qe± i2x2 cot θxµ−νf(x)
∣∣∣ ≤ Cν,µk (B + σ)qqqβ , ∀k, q ∈ N0,(1.12)
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where the constants B,Cν,µk depend on f and σ, β ≥ 0 is an arbitrary constant. In
this space the norms are given by
||f ||ν,µ,θk = sup
0<x<∞
∣∣∣xk(x−1Dx)qe± i2x2 cot θxµ−νf(x)
∣∣∣
(B + σ)qqqβ
<∞.(1.13)
Definition 1.3. The space Hβ,Bα,A(I) is defined as follows: f ∈ H
β,B
α,A(I) if and
only if∣∣∣xk(x−1Dx)qe± i2x2 cot θxµ−νf(x)
∣∣∣ ≤ Cν,µ(A+ δ)kkkα(B + σ)qqqβ ,(1.14)
∀k, q ∈ N0, where the constants A,B,C
ν,µ depend on f and α, β, δ, σ ≥ 0 are
arbitrary constants. We introduce the norms in the space Hβ,Bα,A(I) as follows:
||f ||ν,µ,θ = sup
0<x<∞
∣∣∣xk(x−1Dx)qe± i2x2 cot θxµ−νf(x)
∣∣∣
(A+ δ)
k
kkα(B + σ)
q
qqβ
<∞.(1.15)
Now we need to introduce the following types of test function spaces [18]
Definition 1.4. The space H1,α˜,A˜(I × I), α˜ = (α1, α2), α1, α2 ≥ 0 and A˜ =
(A1, A2), is defined as the collection of all smooth functions f(b, a) ∈ I × I, such
that for all l, k, p, q ∈ N0,
sup
a,b
|albk(a−1Da)
p
(b−1Db)
q
e±
i
2 b
2 cot θbµ−νf(b, a)|
≤ Cν,µp,q (A1 + δ1)
l
llα1(A2 + δ2)
k
kkα2 ,(1.16)
where the constants A1, A2 and C
ν,µ
p,q depending on f and δ1, δ2 ≥ 0 be arbitrary
constants.
Definition 1.5. The space H2,β˜,B˜(I × I), β˜ = (β1, β2), β1, β2 ≥ 0 and B˜ =
(B1, B2), is defined as the space of all smooth functions f(b, a) ∈ I × I, such that
for all l, k, p, q ∈ N0,
sup
a,b
|albk(a−1Da)
p
(b−1Db)
q
e±
i
2 b
2 cot θbµ−νf(b, a)|
≤ Cν,µl,k (B1 + σ1)
p
ppβ1(B2 + σ2)
q
qqβ2 ,(1.17)
where σ1, σ2 ≥ 0 be arbitrary constants and B1, B2, C
ν,µ
l,k be the constants depends
on f .
Definition 1.6. The spaceHβ˜,B˜
α˜,A˜
(I×I), α˜ = (α1, α2), β˜ = (β1, β2), α1, α2, β1, β2 ≥
0 and A˜ = (A1, A2), B˜ = (B1, B2), is defined as the space of all infinitely differen-
tiable functions f(b, a) ∈ I × I, such that for all l, k, p, q ∈ N0,
sup
a,b
|albk(a−1Da)
p
(b−1Db)
q
e±
i
2 b
2 cot θbµ−νf(b, a)|
≤ Cν,µ(A1 + δ1)
l
(A2 + δ2)
k
(B1 + σ1)
p
(B2 + σ2)
q
llα1kkα2ppβ1qqβ2 ,(1.18)
where the constants A1, A2, B1, B2, C
ν,µ depending on f and δ1, δ2, σ1, σ2 ≥ 0 are
arbitrary constants.
From [16,23] we have the differential operator Mν,µ,θ as:
Mν,µ,θ = −e
− i2x
2 cot θxν−µDxe
i
2x
2 cot θxµ−ν . We shall need the following Lemma in
the proof of the Theorem 2.1.
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Lemma 1.7. Suppose that ν ≥ − 12 , µ, θ as above and q, k ∈ N0. For ψ ∈W
θ
ν,µ,
then we obtain
(i) Mν+k−1,µ,θ...Mν,µ,θψ(x) = (−1)
k
xν−µ+ke−
i
2x
2 cot θ(x−1Dx)
k
e
i
2x
2 cot θxµ−νψ(x),
(ii) Mν+q−1,µ,θ...Mν,µ,θ(H
−θ
ν,µψ)(y) = (csc θe
i(θ−pi/2))
q
(H−θν+q,µx
qψ)(y),
(iii)H−θν+q+k,µ(x
qMν+k−1,µ,−θ...Mν,µ,−θψ)(y) =
(
y csc θe−i(θ−pi/2)
)k
(H−θν+q,µx
qψ)(y).
Proof. Since,
Mν,µ,θ = −e
− i2x
2 cot θxν−µDxe
i
2x
2 cot θxµ−ν
Mν+1,µ,θMν,µ,θψ(x) = x
ν−µ+2e−
i
2x
2 cot θ(x−1Dx)
2
xµ−νe
i
2x
2 cot θψ(x).
Proceeding in this way kth times, we get the required result (i).
Now to prove (ii), we have
Mν+q−1,µ,θ...Mν,µ,θ(H
−θ
ν,µψ)(y)
= (−1)
q
yν−µ+qe−
i
2y
2 cot θ(y−1Dy)
q
yµ−νe
i
2 y
2 cot θCν,µ,−θ
∫ ∞
0
(xy csc θ)
−µ
×Jν(xy csc θ)e
− i2 (x
2+y2) cot θx1+2µψ(x)dx.
Now exploiting the formula (x−1Dx)
m
[x−nJn(x)] = (−1)
m
x−n−mJn+m(x), where
m,n being positive integers, the above expression becomes
Cν,µ,−θ
∫ ∞
0
(xy csc θ)
−µ
Jν(xy csc θ)e
− i2 (x
2+y2) cot θx1+2µ(x csc θ)
q
ψ(x)dx
= (csc θei(θ−pi/2))
q
(H−θν+q,µx
qψ)(y).
This completes the proof of (ii).
Using integration by parts we get
(H−θν+q+1,µx
qMν,µ,−θψ)(y)
= −Cν+q+1,µ,−θ
∫ ∞
0
e−
i
2 y
2 cot θ(y csc θ)
−µ
xν+q+1Jν+q+1(xy csc θ)Dxx
µ−ν
×e−
i
2x
2 cot θψ(x)dx
Using the formula Dx(x
nJn(x)) = x
nJn−1(x), in the above equation, then the
above expression can be expressed as
Cν+q+1,µ,−θ
∫ ∞
0
e−
i
2y
2 cot θ(y csc θ)
−µ
Dx[x
ν+q+1Jν+q+1(xy csc θ)]
×xµ−νe−
i
2x
2 cot θψ(x)dx
= y csc θe−i(θ−pi/2)(H−θν+q,µx
qψ)(y).
Continuing kth times in the similar manner, we get the required result (iii). 
We shall make use of the following inequality in our present study (see [4, pp.
265]):
(m+ n)
q(m+n)
≤ mmqnnqemqenq.(1.19)
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We shall need the following Leibnitz formula from [25, p.134],
(t−1Dt)
n
[e−
i
2 t
2 cot θtµ−νf(t)g(t)]
=
n∑
r=0
(
n
r
)
(t−1Dt)
r
[e−
i
2 t
2 cot θtµ−νf(t)](t−1Dt)
n−r
[g(t)].(1.20)
This article consists of four sections. Section 1 is introductory part, in which
several properties and fundamental definitions are given. In section 2, continu-
ous fractional Hankel transform(Hθν,µ) and its inverse (H
−θ
ν,µ) is studied on certain
Gel’fand-Shilov spaces of type S. Section 3 is devoted to the study of continuous
fractional Hankel wavelet transform in the space of certain Gel’fand-Shilov spaces
of type S. In section 4, fractional Hankel transform and wavelet transform associ-
ated with fractional Hankel transform is investigated on ultradifferentiable function
spaces.
2. The fractional Hankel transform Hθν,µ on the spaces of type S
In this section we consider the mapping properties of the fractional Hankel
transform (Hθν,µ) and inverse fractional Hankel transform (H
−θ
ν,µ) on the spaces
H1,α,A(I),H
2,β,B(I) and Hβ,Bα,A(I).
Theorem 2.1. The inverse fractional Hankel transform (H−θν,µ) is a continuous
linear mapping from H1,α,A(I) into H
2,2α,A2(2e)2α(I), for ν ≥ − 12 .
Proof. Exploiting Lemma 1.7 (ii) and (iii) we obtain
Mν+q−1,µ,θ...Mν,µ,θ(H
−θ
ν,µψ)(y)
= (csc θei(θ−pi/2))
q
(H−θν+q,µx
qψ)(y)
= (csc θ)q−ky−k(ei(θ−pi/2))
q+k
H−θν+q+k,µ(x
qMν+k−1,µ,−θ...Mν,µ,−θ)(y)
= (csc θ)
q−k
y−k(ei(θ−pi/2))
q+k
Cν+q+k,µ,−θ
∫ ∞
0
(xy csc θ)
−µ
Jν+q+k(xy csc θ)
×(−1)
k
e−
i
2y
2 cot θx1+q+µ+ν+k(x−1Dx)
k
[e−
i
2x
2 cot θxµ−νψ(x)]dx.
Thus,
(−1)
q
yk(y−1Dy)
q
e
i
2 y
2 cot θyµ−ν(H−θν,µψ)(y)
= (−1)
k
(csc θ)
ν+2q−k−µ
Cν,µ,−θ
∫ ∞
0
(xy csc θ)
−ν−q
Jν+q+k(xy csc θ)x
1+k+2ν+2q
×(x−1Dx)
k
[e−
i
2x
2 cot θxµ−νψ(x)]dx.(2.1)
Now, we choose m be any natural number in such a way that m ≥ 1 + 2ν; upon
taking n = m+ 2q + k and use the fact that |x−ν−qJν+q+k(x)| ≤ C. Then writing
the integral on the right hand side of (2.1) as a sum of two integrals from 0 to 1
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and 1 to ∞ and using (1.10), (1.19), we have
|yk(y−1Dy)
q
[e
i
2 y
2 cot θyµ−ν(H−θν,µψ)(y)]|
≤ C
[
sup |y2q+k(y−1Dy)
k
[e−
i
2y
2 cot θyµ−νψ(y)]|
+sup |yn+2(y−1Dy)
k
[e−
i
2y
2 cot θyµ−νψ(y)]|
]
≤ C
[
C
′
k(A+ δ)
2q+k
(2q + k)
α(2q+k)
+ C
′′
k (A+ δ)
m+2q+k+2
×(m+ 2q + k + 2)
α(m+2q+k+2)
]
≤ C1
[
1 + (A+ δ)
m+2q+k+2
(m+ 2q + k + 2)
α(m+2q+k+2)
]
≤ C
′
1(A
2 + δ)
q
(m+ k + 2)
α(m+k+2)
eα(m+k+2)(2q)
α2q
eα2q
≤ C
′
2(A
2(2e)
2α
+ δ
′
)
q
qα2q.
This completes the proof. 
Remark 2.2. Let ν ≥ −1/2, then the fractional Hankel transform (Hθν,µ) is a
continuous linear mapping from H1,α,A(I) into H
2,2α,A2(2e)2α(I).
Definition 2.3. Let Hˆ2,β,B(I) be the space of all functions f ∈ H2,β,B(I)
satisfying the condition
sup
0≤r≤q
Cν,µk+r = C
∗ν,µ
k ,(2.2)
where C∗ν,µk are constants restraining the f
′s in H2,β,B(I).
Theorem 2.4. The inverse fractional Hankel transform (H−θν,µ) defined by (1.3)
is a continuous linear mapping from Hˆ2,β,B(I) into H1,β,B(I), for ν ≥ −1/2.
Proof. Following as in the proof of the theorem 2.1 and using (1.19) and
Definition 1.2, we have
|yk(y−1Dy)
q
[e
i
2y
2 cot θyµ−ν(H−θν,µψ)(y)]|
≤ D
[ ∫ 1
0
x1+k+2ν+2q |(xy csc θ)−ν−qJν+q+k(xy csc θ)|
×|(x−1Dx)
k
[e−
i
2x
2 cot θxµ−νψ(x)]|dx
+
∫ ∞
1
x1+k+2ν+2q+2|(xy csc θ)
−ν−q
Jν+q+k(xy csc θ)|
×|(x−1Dx)
k
[e−
i
2x
2 cot θxµ−νψ(x)]x−2|dx
]
≤ D[Cν,µ1+k+2ν+2q + C
ν,µ
1+k+2ν+2q+2](B + σ)
k
kkβ
≤ C∗ ν,µq (B + σ)
kkkβ .
Which completes the proof. 
Remark 2.5. The fractional Hankel transform (Hθν,µ) is a continuous linear
mapping from Hˆ2,β,B(I) into H1,β,B(I), for ν ≥ −1/2.
Theorem 2.6. For ν ≥ −1/2, the inverse fractional Hankel transform (H−θν,µ)
is a continuous linear mapping from Hβ,Bα,A(I) into H
2α,A2(2e)2α
α+β,ABeα (I).
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Proof. In this case we obtain from (2.1) and (1.14),
|yk(y−1Dy)
q
[e
i
2y
2 cot θyµ−ν(H−θν,µψ)(y)]|
≤ C
[
sup |y2q+k(y−1Dy)
k
[e−
i
2 y
2 cot θyµ−νψ(y)]|
+sup |yn+2(y−1Dy)
k
[e−
i
2 y
2 cot θyµ−νψ(y)]|
]
≤ C
[
Cν,µ1 (A+ δ)
2q+k
(2q + k)
α(2q+k)
(B + σ)
k
kkβ + Cν,µ2 (A+ δ)
m+2q+k+2
×(m+ 2q + k + 2)
α(m+2q+k+2)
(B + σ)
k
kkβ
]
≤ C(A+ δ)
m+2q+k+2
(m+ 2q + k + 2)
α(m+2q+k+2)
(B + σ)
k
kkβ .
Now using (1.19) in the above equation, then the above estimate can be rewritten
as
|yk(y−1Dy)
q
[e
i
2y
2 cot θyµ−ν(H−θν,µψ)(y)]|
≤ C(B + σ)
k
(A+ δ)
k
kkβ(A+ δ)
2q+m+2
(2q)
2αq
(k +m+ 2)
α(k+m+2)
×e2αqeα(k+m+2)
≤ C
′
(AB + δ1)
kkk(α+β)(A2 + δ2)
q
22αqq2αqe2αqeαk
≤ C
′′
(ABeα + δ
′
1)
k
kk(α+β)
(
A2(2e)
2α
+ δ
′′
2
)q
q2αq.
Hence the theorem proved. 
Remark 2.7. For ν ≥ −1/2, the fractional Hankel transform (Hθν,µ) is a con-
tinuous linear mapping from Hβ,Bα,A(I) into H
2α,A2(2e)2α
α+β,ABeα (I).
3. The fractional wavelet transform on the spaces of type S
In this section we study the wavelet transform on the spaces of type S. In
order to discuss the continuity of fractional wavelet transform W θψ on the aforesaid
function spaces, we need to introduce the following function space.
Definition 3.1. The space Wν,µ,θ(I), consists of all those wavelets ψ, ∀n ∈ N0
and ρ ∈ R which satisfy
(t−1Dt)
n
[tµ−νe
i
2 t
2 cot θHθν,µ(z
ν−µe−
i
2 z
2 cot θψ)(t)] < Dn,ρ(1 + t)
ρ−n
,(3.1)
where Dn,ρ is constant.
Theorem 3.2. Suppose ψ be the wavelet taken from Wν,µ,θ(I). The continuous
fractional wavelet transform W θψ is a continuous linear mapping from H1,α,A(I) into
H1,α˜,A˜(I × I), where α˜ = (0, 2α) and A˜ =
(
a,A2(2e)
2α
+ a2
)
.
Proof. From the definition of W θψ from (1.9) and using (2.1), we obtain
|bk(b−1Db)
q
e
i
2 b
2 cot θbµ−ν(W θψf)(b, a)|
=
∣∣∣(csc θ)2q+ν−µ−k
∫ ∞
0
ω1+2ν+2q+k(bω csc θ)
−ν−q
Jν+q+k(bω csc θ)
×(ω−1Dω)
k
[
e−
i
2ω
2 cot θ(aω)
µ−ν
e
i
2a
2ω2 cot θHθν,µ(z
ν−µe−
i
2 z
2 cot θψ)(aω)
×ωµ−ν f˜θ(ω)
]
dω
∣∣∣.
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Using the fact that |x−ν−qJν+q+k(x)| ≤ C and in viewing (1.20), the above relation
becomes
|bk(b−1Db)
q
e
i
2 b
2 cot θbµ−ν(W θψf)(b, a)|
≤ C|(csc θ)
2q+ν−µ−k
|
∫ ∞
0
ω1+2ν+2q+k
k∑
r=0
(
k
r
)
(ω−1Dω)
r
[
(aω)
µ−ν
e
i
2a
2ω2 cot θ
×Hθν,µ(z
ν−µe−
i
2 z
2 cot θψ)(aω)
]
(ω−1Dω)
k−r
[
e−
i
2ω
2 cot θωµ−ν f˜θ(ω)
]
dω.(3.2)
Therefore,
|bk(a−1Da)
p
(b−1Db)
q
e
i
2 b
2 cot θbµ−ν(W θψf)(b, a)|
≤ C
k∑
r=0
(
k
r
)∫ ∞
0
ω1+2ν+2q+k(a−1Da)
p
(ω−1Dω)
r
[
(aω)
µ−ν
e
i
2a
2ω2 cot θ
×Hθν,µ(z
ν−µe−
i
2 z
2 cot θψ)(aω)
]
(ω−1Dω)
k−r
[
e−
i
2ω
2 cot θωµ−ν f˜θ(ω)
]
dω.(3.3)
Exploiting the definition 3.1 for t = aω we obtain
∣∣∣(a−1Da)p(ω−1Dω)r
[
(aω)µ−νe
i
2a
2ω2 cot θHθν,µ(z
ν−µe−
i
2 z
2 cot θψ)(aω)
]∣∣∣
=
∣∣∣a2rω2p(t−1Dt)p+r
[
tµ−νe
i
2 t
2 cot θHθν,µ(z
ν−µe−
i
2 z
2 cot θψ1)(t)
]∣∣∣
≤
∣∣∣a2rω2pDp+r,ρ1(1 + t)ρ1−p−r
∣∣∣
≤
∣∣∣a2rω2pDp+r,ρ1(1 + aω)ρ1−p−r
∣∣∣
≤ |a2rω2pDp+r,ρ1(1 + a)ρ1−p−r(1 + ω)ρ1−p−r|.(3.4)
Using (3.4) in (3.3) and assuming ν1 be any positive integer such that ν1 ≥ 1+ 2ν,
we have
|albk(a−1Da)
p
(b−1Db)
q
e
i
2 b
2 cot θbµ−ν(W θψf)(b, a)|
≤ C
k∑
r=0
(
k
r
)
a2r
∫ ∞
0
ων1+2q+2p+k(1 + a)ρ1−r−p(1 + ω)ρ1−r−p+s
×(ω−1Dω)
k−r
[
e−
i
2ω
2 cot θωµ−ν f˜θ(ω)
] 1
(1 + ω)s
dω
≤ C
k∑
r=0
ρ1−r−p+s∑
n=0
(
k
r
)(
ρ1 − r − p+ s
n
)
a2r+l(1 + a)
ρ1−r−p
× sup
∣∣∣ων1+2q+2p+k+n(ω−1Dω)k−r
[
e−
i
2ω
2 cot θωµ−ν f˜θ(ω)
]∣∣∣
∫ ∞
0
1
(1 + ω)
s dω.(3.5)
Exploiting the remark 2.2 and (1.11), the right hand-side of the above estimate
becomes
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≤ C
k∑
r=0
ρ1−r−p+s∑
n=0
(
k
r
)(
ρ1 − r − p+ s
n
)
a2r+l(1 + a)
ρ1−r−p
(
A2(2e)
2α
+ δ2
)k−r
×(k − r)
2α(k−r)
max
0≤r≤k
||f˜θ||ν,µ,θk−r
≤ C
ρ1−p+s∑
n=0
(
ρ1 − p+ s
n
)
al(1 + a)ρ1−p
k∑
r=0
(
k
r
)
(a2)r
(
A2(2e)2α + δ2
)k−r
kk2α
× max
0≤r≤k
||f˜θ||ν,µ,θk−r
≤ C∗(1 + a)
ρ1−pal
(
A2(2e)
2α
+ a2 + δ
′
2
)k
kk2α max
0≤r≤k
||f˜θ||ν,µ,θk−r .
This completes the proof. 
Theorem 3.3. Let ψ ∈Wν,µ,θ(I). The continuous fractional wavelet transform
W θψ is a continuous linear mapping from Hˆ
2,β,B(I) into Hˆ2,β˜,B˜(I × I), where β˜ =
(2β, 2β) and B˜ =
(
B2
a (2e)
2β
, B2e2β
)
.
Proof. From the estimate (3.5) and using (1.19), we obtain
|albk(a−1Da)
p
(b−1Db)
q
e
i
2 b
2 cot θbµ−ν(W θψf)(b, a)|
≤ C
k∑
r=0
ρ1−r−p+s∑
n=0
(
k
r
)(
ρ1 − r − p+ s
n
)
a2r+l(1 + a)
ρ1−r−p
× sup
∣∣∣ων1+2q+2p+k+n(ω−1Dω)k−r
[
e−
i
2ω
2 cot θωµ−ν f˜θ(ω)
]∣∣∣
∫ ∞
0
1
(1 + ω)
s dω
≤ C
k∑
r=0
ρ1−p+s∑
n=0
(
k
r
)(
ρ1 − p+ s
n
)
a2r+l(1 + a)
ρ1−p(B + σ)
ν1+2q+2p+k+n
×(ν1 + 2q + 2p+ k + n)
β(ν1+2q+2p+k+n) max ||f˜θ||ν,µ,θ(ν1+2q+2p+k+n)
≤ C
′
k∑
r=0
ρ1−p+s∑
n=0
(
k
r
)(
ρ1 − p+ s
n
)
a2r+l(1 + a)ρ1−p(B + σ)2p(B + σ)2q(2p)β2p
×(ν1 + 2q + k + n)
β(ν1+2q+k+n)eβ2peβ(ν1+2q+k+n) max ||f˜θ||ν,µ,θ(ν1+2q+2p+k+n)
≤ C
′
k∑
r=0
ρ1−p+s∑
n=0
(
k
r
)(
ρ1 − p+ s
n
)
a2r+l(B2/a+ σ1)
p
(B + σ2)
2q
pp2βqq2β2β2p
×e2pβe2qβ max ||f˜θ||ν,µ,θ(ν1+2q+2p+k+n)
≤ C
′
k∑
r=0
ρ1−p+s∑
n=0
(
k
r
)(
ρ1 − p+ s
n
)
a2r+l
(
B2
a
(2e)
2β
+ σ
′
1
)p
(B2e2β + σ
′
2)
q
×pp2βqq2β max ||f˜θ||ν,µ,θ(ν1+2q+2p+k+n).
Hence the theorem proved. 
Theorem 3.4. Let ψ ∈Wν,µ,θ(I). The continuous fractional wavelet transform
W θψ is a continuous linear mapping from H
β,B
α,A(I) into H
β˜,B˜
α˜,A˜
(I × I), where α˜ =
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(0, 3α+ β), β˜ =
(
2(α+ β), 2(α+ β)
)
and A˜ =
(
a, (A2(2e)
2α
+ a2)ABe3α+2β
)
and
B˜ =
(
1
aA
2B222(α+β)e4α+2β , A2B2e6α+4β22(α+β)
)
.
Proof. Proceeding as in the proof of above theorem and in viewing the remark
2.7, we have
|albk(a−1Da)
p
(b−1Db)
q
e
i
2 b
2 cot θbµ−ν(W θψf)(b, a)|
≤ C
k∑
r=0
ρ1−r−p+s∑
n=0
(
k
r
)(
ρ1 − r − p+ s
n
)
a2r+l(1 + a)
ρ1−r−p
× sup
∣∣∣ων1+2q+2p+k+n(ω−1Dω)k−r
[
e−
i
2ω
2 cot θωµ−ν f˜θ(ω)
]∣∣∣
∫ ∞
0
1
(1 + ω)
s dω
≤ C
k∑
r=0
ρ1−p+s∑
n=0
(
k
r
)(
ρ1 − p+ s
n
)
a2r+l(1 + a)
ρ1−p(ABeα + δ)
(ν1+2q+2p+k+n)
×(ν1 + 2q + 2p+ k + n)
(α+β)(ν1+2q+2p+k+n)
(
A2(2e)
2α
+ δ2
)k−r
(k − r)
2α(k−r)
×max ||f ||ν,µ,θ.(3.6)
Exploiting the relation (1.19), the above estimate can be rewritten as
≤ C∗
ρ1−p+s∑
n=0
(
ρ1 − p+ s
n
)
al(1 + a)
ρ1−p
k∑
r=0
(
k
r
)
(a2)
r
(
A2(2e)
2α
+ δ2
)k−r
×(ABeα + δ)
(ν1+2q+2p+k+n)(2p)
2p(α+β)
(ν1 + 2q + k + n)
(α+β)(ν1+2q+k+n)
×e(α+β)2pe(α+β)(ν1+2q+k+n)k2kαmax ||f ||ν,µ,θ
≤ C∗
ρ1−p+s∑
n=0
(
ρ1 − p+ s
n
)
al(1 + a)
ρ1−p
(
A2(2e)
2α
+ a2 + δ2
)k
(2p)
2p(α+β)
e2p(α+β)
×(ABeα + δ)(ν1+2q+2p+k+n)e(α+β)(ν1+2q+k+n)e2q(α+β)e(α+β)(ν1+k+n)
×(2q)
2q(α+β)
(ν1 + k + n)
(α+β)(ν1+k+n)k2kαmax ||f ||ν,µ,θ
≤ C1
ρ1−p+s∑
n=0
(
ρ1 − p+ s
n
)
al(1 + a)
ρ1−p
(
A2(2e)
2α
+ a2 + δ2
)k
(2p)
2p(α+β)
×(ABeα + δ)(ν1+2q+2p+k+n)e2(α+β)kkk(3α+β)e2p(α+β)e4q(α+β)(2q)2q(α+β)
≤ C2
ρ1−p+s∑
n=0
(
ρ1 − p+ s
n
)
al
[(
A2(2e)2α + a2
)
ABe3α+2β + δ3
]k
kk(3α+β)
×
(
1
a
A2B222(α+β)e4α+2β + δ4
)p
pp2(α+β)
(
A2B2e6α+4β22(α+β) + δ5
)q
qq2(α+β).
This completes the proof of the theorem. 
4. Fractional Hankel transform on ultradifferentiable function spaces
In this section we discuss the fractional Hankel transform on spaces more gen-
eral in previous sections [3,13,19,21]. Assume that {ξk}
∞
k=0 and {ηq}
∞
q=0 be two
arbitrary sequences of positive numbers possesses the following properties:
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Property 4.1.
[1 ] ξ2k ≤ ξk−1ξk+1, ∀k ∈ N0,
[2 ] ξkξl ≤ ξ0ξk+l, ∀k, l ∈ N0,
[3 ] ξk ≤ RH
k min
0≤l≤k
ξlξk−l, ∀k, l ∈ N0, R > 0, H > 0,
[4 ] ξk+1 ≤ RH
kξk, ∀k ∈ N0, R > 0, H > 0,
[5 ]
∞∑
j=0
ξj
ξj+1
<∞.
From the above property [1], we have
ξk
ξk+1
≤
ξk−1
ξk
≤
ξk−2
ξk−1
... ≤
ξ0
ξ1
,
and
ξk−r =
ξk−r
ξk−r+1
ξk−r+1
ξk−r+2
...
ξk−1
ξk
ξk
≤
(
ξ0
ξ1
)r
ξk.(4.1)
In the very similar way we obtain
ηq−r ≤
(
η0
η1
)r
ηq.(4.2)
We now introduce the following types of function spaces [19].
Definition 4.2. Let {ξk}
∞
k=0 and {ηq}
∞
q=0 be two any sequences of positive
numbers. An infinitely differentiable complex valued function f ∈ H1,ξk,A(I) if and
only if ∣∣∣xk(x−1Dx)qe± i2x2 cot θxµ−νf(x)
∣∣∣ ≤ Cν,µq (A+ δ)kξk, ∀k, q ∈ N0,(4.3)
for some positive constants A,Cν,µq depending on f ; and f belongs to the space
H
2,ηq,B(I) if and only if∣∣∣xk(x−1Dx)qe± i2x2 cot θxµ−νf(x)
∣∣∣ ≤ Cν,µk (B + σ)qηq, ∀k, q ∈ N0,(4.4)
for some positive constants B and Cν,µk depending on f ; and the function f is said
to be in the space H
ηq,B
ξk,A
(I) if and only if∣∣∣xk(x−1Dx)qe± i2x2 cot θxµ−νf(x)
∣∣∣ ≤ Cν,µ(A+ δ)kξk(B + σ)qηq,(4.5)
∀k, q ∈ N0, where A,B,C
ν,µ are certain positive constants dependent on f .
The elements of the spaces H1,ξk,A(I),H
2,ηq,B(I) and H
ηq,B
ξk,A
(I) are known as
ultradifferentiable functions [10,14,19,22].
We shall need similar types of function spaces of two variables.
Definition 4.3. The space H1,ξml+nk,A˜(I × I), A˜ = (A1, A2) is defined to the
collection of all infinitely differentiable functions f(b, a) satisfying, for all l, k,m, n, p, q ∈
N0,
sup
a,b
|albk(a−1Da)
p
(b−1Db)
q
e±
i
2 b
2 cot θbµ−νf(b, a)|
≤ Cν,µp,q (A1 + δ1)
l
(A2 + δ2)
k
ξml+nk,(4.6)
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where the arbitrary constants A1, A2, C
ν,µ
p,q depends on f .
Definition 4.4. The space H2,ηsp+tq,B˜(I × I), B˜ = (B1, B2) is defined to the
collection of all functions f(b, a) ∈ C∞(I × I) satisfying, for all l, k, s, t, p, q ∈ N0,
sup
a,b
|albk(a−1Da)
p
(b−1Db)
q
e±
i
2 b
2 cot θbµ−νf(b, a)|
≤ Cν,µl,k (B1 + σ1)
p(B2 + σ2)
qηsp+tq ,(4.7)
where the arbitrary constants B1, B2, C
ν,µ
l,k depends on f .
Definition 4.5. The space H
ξcp+dq,ηsp+tq,B˜
ξml+nk,ηgl+hk,A˜
(I×I), A˜ = (A1, A2), B˜ = (B1, B2)
is defined to the collection of all infinitely differentiable functions f(b, a) satisfying,
for all l, k, g, h, s, t, p, q, c, d ∈ N0,
sup
a,b
|albk(a−1Da)
p
(b−1Db)
q
e±
i
2 b
2 cot θbµ−νf(b, a)|
≤ Cν,µ(A1 + δ1)
l(A2 + δ2)
k(B1 + σ1)
p(B2 + σ2)
qξml+nkηgl+hkηsp+tqξcp+dq,
where the arbitrary constants A1, A2, B1, B2 and C
ν,µ depends on f .
Theorem 4.6. If {ξk} and {ηq} be the sequences satisfies the property 4.1, the
inverse fractional Hankel transform (H−θν,µ) is a continuous linear mapping from the
space H
ηq,B
ξk,A
(I) into H
ξ2q ,B1
ξkηk,A1
, where A1 = ABH
2, B1 = A
2H6.
Proof. Following the procedure of the proof of the Theorem 2.1 and using
property 4.1 [3] and in viewing (4.5), we have
|yk(y−1Dy)
q
[e
i
2y
2 cot θyµ−ν(H−θν,µψ)(y)]|
≤ C
[
sup |y2q+k(y−1Dy)
k
[e−
i
2y
2 cot θyµ−νψ(y)]|
+sup |ym+2q+k+2(y−1Dy)
k
[e−
i
2y
2 cot θyµ−νψ(y)]|
]
≤ C
[
Cν,µ1 (A+ δ)
2q+k
ξ2q+k + C
ν,µ
2 (A+ δ)
m+2q+k+2
ξm+2q+k+2
]
(B + σ)
k
ηk
≤ C
′
(B + σ)
k
ηk(H(A+ δ))
2q+k
ξ2q+k[1 + (A+ δ)
m+2
RHm+2ξm+2]
≤ C
′′
(ABH2 + δ2)
k
ξkηk(A
2H6 + δ3)
q
η2q .
This completes the proof. 
Remark 4.7. Let {ξk} and {ηq} be the sequences satisfies the property 4.1, the
fractional Hankel transform (Hθν,µ) is a continuous linear mapping from the space
H
ηq,B
ξk,A
(I) into H
ξ2q ,B1
ξkηk,A1
, where A1 = ABH
2, B1 = A
2H6.
Theorem 4.8. If {ξk} be the sequence satisfies the property 4.1 then for ν ≥
−1/2, H−θν,µ is a continuous linear mapping from H1,ξk,A(I) into H
2,ξ2q ,A1(I), where
A1 = A
2H6.
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Proof. From the above theorem, we have
|yk(y−1Dy)
q
[e
i
2y
2 cot θyµ−ν(H−θν,µψ)(y)]|
≤ C
[
sup |y2q+k(y−1Dy)
k
[e−
i
2y
2 cot θyµ−νψ(y)]|
+sup |ym+2q+k+2(y−1Dy)
k
[e−
i
2y
2 cot θyµ−νψ(y)]|
]
≤ C
[
Cν,µk (A+ δ)
2q+k
ξ2q+k +D
ν,µ
k (A+ δ)
m+2q+k+2
ξm+2q+k+2
]
≤ C
′
(A2H6 + δ2)
q
ξ2q .
Hence the theorem proved. 
Remark 4.9. Let {ξk} be the sequence satisfies the property 4.1 then for
ν ≥ −1/2, Hθν,µ is a continuous linear mapping from H1,ξk,A(I) into H
2,ξ2q ,A1(I),
where A1 = A
2H6.
Definition 4.10. The space Hˆ2,ηq,B(I) be the collection of all functions f ∈
H
2,ηq,B(I) satisfying the condition
(4.8) sup
0≤r≤k
Cν,µk+r = C
′ν,µ
k ,
where C
′ν,µ
k are constants restraining the f
′s in H2,ηq,B(I).
Theorem 4.11. For ν ≥ −1/2 and suppose {ηq} be the sequence satisfies the
property 4.1 the inverse fractional Hankel H−θν,µ is a continuous linear mapping from
Hˆ
2,ηq,B(I) into H1,ηk,B(I).
Proof. Exploiting (2.1) and Theorem 2.4, we have
|yk(y−1Dy)
q
[e
i
2 y
2 cot θyµ−ν(H−θν,µψ)(y)]|
≤ C
[
Cν,µ1+2ν+2q+k + C1+2ν+2q+k+2
]
(B + σ)kηk
≤ C∗q (B + σ)
k
ηk.
This completes the proof. 
Remark 4.12. If {ηq} be the sequence satisfies the property 4.1 and ν ≥ −1/2
the fractional Hankel transformHθν,µ is a continuous linear mapping from Hˆ
2,ηq,B(I)
into H1,ηk,B(I).
Theorem 4.13. Let ψ be the wavelet belongs to the space Wν,µ,θ(I). If {ξk}
be the sequence satisfies the property 4.1 then fractional Hankel wavelet transform
is a continuous linear mapping from H1,ξk,A(I) into H1,ξ2
k
,A˜(I × I), where A˜ =(
a,A2H6 +
a2ξ20
ξ21
)
, for ν ≥ −1/2.
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Proof. From (3.5) and in viewing Theorem 4.8, we have
|albk(a−1Da)
p
(b−1Db)
q
e
i
2 b
2 cot θbµ−ν(W θψf)(b, a)|
≤ C
k∑
r=0
ρ1−r−p+s∑
n=0
(
k
r
)(
ρ1 − r − p+ s
n
)
a2r+l(1 + a)
ρ1−r−p
× sup
∣∣∣ων1+2q+2p+k+n(ω−1Dω)k−r
[
e−
i
2ω
2 cot θωµ−ν f˜θ(ω)
]∣∣∣
∫ ∞
0
1
(1 + ω)s
dω
≤ C
k∑
r=0
ρ1−p+s∑
n=0
(
k
r
)(
ρ1 − p+ s
n
)
a2r+l(1 + a)
ρ1−p(A2H6 + δ1)
k−r
×ξ2k−r max
0≤r≤k
||f˜θ||ν,µk−r
≤ C
k∑
r=0
ρ1−p+s∑
n=0
(
k
r
)(
ρ1 − p+ s
n
)
a2r+l(1 + a)ρ1−p(A2H6 + δ1)
k−r
×ξ2k(
ξ0
ξ1
)
2r
max
0≤r≤k
||f˜θ||ν,µk−r
≤ C
ρ1−p+s∑
n=0
(
ρ1 − p+ s
n
)
al(1 + a)
ρ1−p
k∑
r=0
(
k
r
)
(A2H6 + δ1)
k−r
(
a2
ξ20
ξ21
)r
×ξ2k max
0≤r≤k
||f˜θ||ν,µk−r
≤ C∗al
(
A2H6 +
a2ξ20
ξ21
+ δ2
)k
ξ2k max
0≤r≤k
||f˜θ||ν,µk−r.
This completes the proof. 
Theorem 4.14. Suppose ψ be the wavelet taken from Wν,µ,θ(I). If {ηq} be
the sequence satisfies the property 4.1 then fractional Hankel wavelet transform is
a continuous linear mapping from Hˆ2,ηq,B(I) into Hˆ2,η2p+2q,B˜(I × I), where B˜ =(
B2/a,B2
)
, for ν ≥ −1/2.
Proof. Proceeding as in the proof of the earlier theorem and exploiting The-
orem 4.11, we obtain
|albk(a−1Da)
p
(b−1Db)
q
e
i
2 b
2 cot θbµ−ν(W θψf)(b, a)|
≤ C
k∑
r=0
ρ1−r−p+s∑
n=0
(
k
r
)(
ρ1 − r − p+ s
n
)
a2r+l(1 + a)
ρ1−r−p
× sup
∣∣∣ων1+2q+2p+k+n(ω−1Dω)k−r
[
e−
i
2ω
2 cot θωµ−ν f˜θ(ω)
]∣∣∣
∫ ∞
0
1
(1 + ω)
s dω
≤ C1
k∑
r=0
ρ1−p+s∑
n=0
(
k
r
)(
ρ1 − p+ s
n
)
a2r+l(1 + a)
ρ1−pmax ||f˜θ||Cν,µk−r
×(B + σ)
ν1+2p+2q+k+nην1+2p+2q+k+n
≤ C2max ||f˜
θ||
(
B2
a
+ σ1
)p
(B2 + σ2)
q
ην1+2p+2q+k+n.
Hence the theorem proved. 
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Theorem 4.15. Let ψ ∈Wν,µ,θ(I). If {ξk} and {ηq} be the sequences satisfies
the property 4.1 then fractional Hankel wavelet transform is a continuous linear
mapping from H
ηq,B
ξk,A
(I) into H
ξ2p+2q,η2p+2q,B˜
ξ22k,ηk,A˜
(I × I), where A˜ =
(
a,ABH2(A2H6+
a2ξ20/ξ
2
1)
)
and B˜ = ( 1aA
2B2H6, A2B2H4), for ν ≥ −1/2.
Proof. Using Theorem 4.6 and in viewing (3.5), we see that
|albk(a−1Da)
p
(b−1Db)
q
e
i
2 b
2 cot θbµ−ν(W θψf)(b, a)|
≤ C
k∑
r=0
ρ1−p+s∑
n=0
(
k
r
)(
ρ1 − p+ s
n
)
a2r+l(1 + a)ρ1−p||f˜θ||ν,µ(A2H6 + δ2)
k−r
×ξ2k−r(ABH
2 + δ1)
ν1+2p+2q+k+n
ξν1+2p+2q+k+nην1+2p+2q+k+n
≤ C
′
ρ1−p+s∑
n=0
(
ρ1 − p+ s
n
)
al(1 + a)
ρ1−p
k∑
r=0
(
k
r
)(a2ξ20
ξ21
)r
(A2H6 + δ2)
k−r
×||f˜θ||ν,µξ2k(ABH
2 + δ1)
ν1+2p+2q+k+n
ξν1+2p+2q+k+nην1+2p+2q+k+n
≤ C1a
l
(
ABH2(A2H6 + a2ξ20/ξ
2
1) + δ3
)k
(
1
a
A2B2H6 + δ4)
p
(A2B2H4 + δ5)
q
×||f˜θ||ν,µξ2kξν1+2p+2q+k+nην1+2p+2q+k+n.
Now using the inequalities [2] and [3] from the property 4.1, the last expression can
be rewritten as
≤ C1a
l
(
ABH2(A2H6 + a2ξ20/ξ
2
1) + δ3
)k(1
a
A2B2H6 + δ4
)p
(A2B2H4 + δ5)
q
×||f˜θ||ν,µξ22kηkξ2p+2qη2p+2q .
This completes the proof. 
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